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Nonlinear Supersonic Flutter of Circular Cylindrical Shells
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The aeroelastic stability of simply supported, circular cylindrical shells in supersonic � ow is investigated. Non-
linearities caused by large-amplitude shell motion are considered by using the Donnell nonlinear shallow-shell
theory, and the effect of viscous structural damping is taken into account. Two different in-plane constraints are
applied to the shell edges: zero axial force and zero axial displacement; the other boundary conditions are those
for simply supported shells. Linear piston theory is applied to describe the � uid–structure interaction by using two
different formulations, taking into account or neglecting the curvature correction term. The system is discretized
by Galerkin projections and is investigated by using a model involving seven degrees of freedom, allowing for
traveling-wave � utter of the shell and shell axisymmetric contraction. Results show that the system loses stability
by standing-wave � utter through supercritical bifurcation; however, traveling-wave � utter appears with a very
small increment of the freestream static pressure that is used as the bifurcation parameter. A very good agreement
between theoretical and existing experimental data has been found for � utter amplitudes. The in� uence of internal
static pressure has also been studied.

Nomenclature
Am;n.t/; Bm;n.t/ = modal coordinates (time dependent)
a1 = freestream speed of sound
c = damping parameter
D = � exural rigidity of the shell
E = Young’s modulus
F = Airy stress function
h = shell thickness
L = shell length
M = Mach number
m = number of axial half-waves
Nx ; Nµ ; Nx;µ = axial, circumferential,and shear forces

per unit length
n = number of circumferentialwaves
p = radial aerodynamic pressure
pm = pressure differential across the shell skin
p1 = freestream static pressure
R = shell radius
t = time
u = axial shell displacement
v = circumferential shell displacement
w = radial shell displacement
x = longitudinal coordinate
° = adiabatic exponent
³ = modal damping coef� cient
µ = angular coordinate
½ = mass density of the shell

I. Introduction

T HE aeroelastic stability of cylindrical shells in axial � ow is
of keen interest in the design of skin panels on aerospace ve-

hicles, high-performance aircraft, and missiles. The � rst reported
occurrence of � utter instability on these structures appears to have
been on the V-2 rocket. The theoriesavailablefor the stabilityof cir-
cular cylindricalshells in � ow do not agree suf� cientlywell with the
experimental results, as pointed out by Horn et al.,1 and even today
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no satisfactory design criterion is available. In particular, for sub-
sonic Mach numbers, highly divergentand catastrophicinstabilities
have been measured experimentally for clamped-clamped copper
shells excited by a fully developed turbulent � ow.1 This kind of in-
stability has recently been explained by Amabili et al. by using a
nonlinear shell model and potential � ow in cases of both internal2

and externalsubsonic� ow.3 Numerical resultsare in agreementwith
experimental data for annular air� ow.4

Many interesting studies have investigated the shell stability in
supersonic � ow, predicting � utter, by using a linear shell model;
among others, Dowell,5 Olson and Fung,6;7 Barr and Stearman,8

and Ganapathi et al.9 However, experiments have indicated that the
oscillation amplitude of � utter is of the same order of the shell
thickness; therefore, a nonlinear shell theory must be used in order
to predict accurately � utter amplitude.

Only a few researchersused a nonlinearshellmodel to investigate
the aeroelasticstabilityof cylindricalshells in axial supersonic� ow.
Librescu10;11 studied the stabilityof shallowpanelsand � nite-length
circular cylindrical shells by using the Donnell nonlinear shallow-
shell theory and a simple mode expansion without considering the
companion mode (a second standing-wave mode, the orientation
of which is at ¼=2n with respect to the original one, the so-called
drivenmode, n beingthe numberof nodaldiameters) and interaction
with axisymmetric modes. As pointed out by several authors (see,
e.g., Refs. 12–18), expansions neglecting axisymmetric modes are
not able to capture the correct nonlinear behavior of circular shells
and are only suitable for panels. The absence of the companion
mode does not permit traveling-wave � utter. The theory developed
by Librescu10;11 is also suitable for composite shells, and nonlinear
terms are included in the � uid pressure obtained by piston theory.
No results on limit cycle amplitudes are given.

Olson and Fung7 modeled simply supported shells by using a
simpli� ed form of the Donnell nonlinear shallow-shell theory and
a simple two-mode expansion without considering the compan-
ion mode but including an axisymmetric term. In their study, the
supersonic � ow was modeled by using the linear piston theory.
In subsequent studies, Evensen and Olson12;13 also considered the
companion mode, therefore using a four-degree-of-freedom mode
expansion. This expansion allows the study of traveling-wave � ut-
ter, in which nodal lines are traveling circumferentially around the
shell; this phenomenon is similar to traveling waves predicted and
measuredfor large-amplitudeforced vibrationsof shells.14–18 How-
ever, similarly to Evensen’s14 expansion for the � exural shell dis-
placement, these expansions are not moment free at the ends of
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the shell, as they should be for classical simply supported shells,
and the homogeneous solution for the stress function is neglected.
Evensen and Olson12;13 investigated periodic solutions by using the
harmonic balance method and solved the nonlinear algebraic equa-
tions only for some specialcases. The results obtainedare different,
from the qualitativepoint of view, with respect to those of Olson and
Fung7; this is due to the differentorder of the perturbationapproach
used. Olsson19 added to the problem the effect of a particular tem-
perature � eld on material properties by using a simple two-mode
expansion.

A full literature review of works on the nonlinear dynamics of
shells in vacuo and � lled with or surrounded by quiescent � uid is
given by Amabili et al.17 and will not be repeated here. One im-
portant conclusion reached in that study, however, is the following.
Because most analyses involve some kind of Galerkin-type expan-
sion, the choice of appropriate comparison functions is always im-
portant, but in the case of nonlinear shell motions it is crucial, for
the presence of opposite effects that are due to quadratic and cubic
nonlinearities.A linear modal base is the simplest and best choice.
Furthermore, in order to reduce the number of degrees of freedom,
it is important to use only the most signi� cant modes. Thus, in addi-
tion to representingboth the regular or “driven” asymmetric modes
and the “companion modes,” it is also important to include axisym-
metric modes. This is because it has been clearly established that,
for nonlinear shell vibrations, the deformation of the shell involves
a small but important axisymmetric contraction of the circumfer-
ence. As a consequence of this effect, shell displacements inward
are slightly larger than thoseoutward.This is importantin predicting
the kind of softening behavior that has been observed in the exper-
iments. Moreover, the interaction of the shell with a dense � uid
reduces the frequenciesof axisymmetric modes more than those of
asymmetric modes, signi� cantly increasing the nonlinearity of the
structure.17;18;20

The nonlinear stability of simply supported, circular cylindrical
shells in supersonic axial � ow is reinvestigatedin the present study
by using an improved structural model. The present approach is
based on the nonlinear shell model developed by Amabili et al.2 to
study stability of shells containing incompressible� ow. Nonlinear-
ities that are due to large-amplitudeshell motion are considered by
using the Donnell nonlinear shallow-shell theory, also taking into
account the effect of viscous structural damping. Two different in-
plane constraintsare applied to the shell edges: zero axial force and
zero axial displacement;the other boundaryconditionsare those for
simply supportedshells. The � uid–structure interactionis described
by two different versions of the linear piston theory. Experimental
observationscast doubt as to the validity of using linear piston the-
ory to describe the unsteady pressure � eld over the shell because
of the in� uence of the viscous boundary layer. However, for the
con� gurations investigated in the present study related to experi-
ments performed by Olson and Fung,6;7 the pertinent streamwise
wavelengths of interest are very large with respect to the boundary
layer thickness, so the in� uence of the boundary layer is probably
negligible. There is no contradiction in using a nonlinear theory to
describe shell motion with a linear theory for the shell–� ow inter-
action. In fact, a displacement of the order of the shell thickness
introduces signi� cant nonlinearities in the equations of motion; in
contrast, a linear analysis of the aerodynamics is still appropriate
for the small � uid perturbationvelocitiesassociatedwith such small
shell deformations.

The system is discretized by Galerkin projection, leading to a
seven-degree-of-freedom model, allowing for traveling-wave � ut-
ter and shell axisymmetriccontraction.Numerical calculationshave
beenperformedfor a coppercircularshell, fabricatedby electroplat-
ing and tested in the 8 £ 7 ft supersonic wind tunnel at the NASA
Ames ResearchCenter.6;7 Theoreticalresults for the two versionsof
the piston theory show that the system loses stability by standing-
wave � utter through supercritical bifurcation; however, traveling-
wave � utter appears with a very small increment of the freestream
static pressure that is used as the bifurcation parameter. Theoreti-
cal results show � utter amplitudes in very good agreement with the
NASA experimentalresults.The in� uenceof internalstatic pressure
has been studied.

II. Equation of Motion and Boundary Conditions
A cylindrical coordinate system (O; x; r; µ ) is chosen, with the

origin O placed at the center of one end of the shell. The displace-
ments of points in the middle surface of the shell are denoted by u,
v, and w, in the axial, circumferential,and radial directions, respec-
tively. With the use of the Donnell nonlinear shallow-shell theory,
the equation of motion for large-amplitudetransverse vibrationsof
a very thin, circular cylindrical shell is given by14;16
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where D D Eh3=[ 12.1 ¡ º2/] is the � exural rigidity, E is Young’s
modulus, º is the Poisson ratio, h is the shell thickness, R is the
mean shell radius, ½ is the mass density of the shell, c is the damp-
ing parameter, p is the radial aerodynamic pressure applied to the
surface of the shell as a consequenceof the external supersonic� ow
(positive inward), and pm is the pressuredifferentialacross the shell
skin (positive outward). The radial de� ection w is positive inward;
the overdot denotes a time derivative, and F is the in-plane Airy
stress function. Here F is given by the following relation14;16:
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In Eqs. (1) and (2), the biharmonic operator is de� ned as r4 D
[ @2=@x2C@ 2=.R2@µ 2/]2 . The Donnellnonlinearshallow-shellequa-
tions are accurateonly for modes of high circumferentialwave num-
ber n (n is the number of nodal diameters); speci� cally, 1=n2 ¿ 1
must be satis� ed, so that n ¸ 5 is required in order to have fairly
good accuracy. Donnell nonlinear shallow-shell equations are ob-
tained by neglecting the in-plane inertia, transverse shear defor-
mation, and rotary inertia, giving accurate results only for very
thin shells; that is, h ¿ R. In-plane displacements are in� nitesi-
mal, that is, juj ¿ h; jvj ¿ h, whereas w is of the same order of the
shell thickness, jwj D O.h/. The predominant nonlinear terms are
retained but other secondary effects, such as the nonlinearities in
curvature strains, have been neglected; in particular, the curvature
changes are expressed by linear functions of w only.

The forces per unit length in the axial and circumferentialdirec-
tions, as well as the shear force, are given by21;22
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The strain-displacementrelations are21;22
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In this study, attention is focused on both 1) a � nite, simply sup-
ported, circumferentiallyclosed circular cylindrical shell of length
L , and 2) an in� nitely long shell, periodicallysupported.In the latter
case, the portion of the shell considered lies between two supports,
L apart, while the effect of the part of the shell beyond is only
considered as a constraint.

In bothcases the followingboundaryconditionsmust be satis� ed:

w D 0; Mx D ¡D
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at x D 0; L (7)
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where Mx is the bending moment per unit length. The other bound-
ary conditions differ for the simply supported shell of � nite length
(case 1) and for the in� nitely long, periodicallysupportedshellwith
restrained axial displacement at the supports (case 2). They are as
follows.

Case 1:

Nx D 0 at x D 0; L ; v D 0 at x D 0; L (8a)

Case 2:

u D 0 at x D 0; L ; v D 0 at x D 0; L (8b)

moreover, u; v, and w must be continuous in µ . Case 1 corresponds
to the classical simply supported shell. Case 2 corresponds to anti-
symmetric modes (lower modes) with respect to each support; the
conditions imposed in case 2 are well justi� ed by the reciprocal
constraint between the part of the shell under considerationand ex-
tensions thereof outside (0; L ). Case 2 also approximates a shell
with rings at the ends. By use of the present formulation, it is also
possibleto study a shell subjectedto axial prestress,that is, Nx D QNx

at x D 0; L.
The � exural deformation w is expanded by using the linear shell

eigenmodes for zero � ow as the base; in particular, the � exural
response having n nodal diameters and m longitudinal half-waves
can be written as follows2:

w.x; µ; t/ D
2X
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[ Am;n.t/ cos.nµ/ C Bm ;n.t/ sin.nµ/] sin.¸m x/

C
3X
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where ¸m D m¼=L and t is the time; Am ;n.t/; Bm ;n.t/, and Am;0.t/
are the modal coordinates that are unknown functions of t. Equa-
tion (9) was obtained by supposing that the nonlinear interaction
among “linear modes” of the chosen base involves only the asym-
metric modes (n > 0) having a given n value, and axisymmetric
modes (n D 0) with an odd m value. Therefore, the nonlinear in-
teraction with asymmetric modes of different n is neglected. For
symmetry reason, only interaction with modes having N £ n cir-
cumferential waves, where N is an integer, should be considered;
however, the contributionof modes with N > 1 has been found to be
negligible for large-amplitudevibrationsof shells.23 Axisymmetric
modes having an even m value can be eliminated in the expansion;
they do not contribute to the shell contraction and therefore, from
mechanical considerations,their contribution to the shell dynamics
is marginal. Axisymmetric modes play an important role in nonlin-
ear oscillations, as pointed out in past studies,14;17;18 and the inter-
action between asymmetric modes with the same n is fundamental
in the investigation of shell stability in the case of supersonic � ow.
This is the reason why they are includedin the presentmodel. In par-
ticular, couple of asymmetric modes (drivenand companionmodes)
havingup to two axial half-waves,accordingto the two-mode linear
piston theory7 used to evaluate the � uid pressure on the shell, and
axisymmetric modes having up to � ve axial half-waves (only odd
terms) are retained, giving a seven-degree-of-freedommodel.

III. Traveling-Wave Flutter
The presence of the companion mode in the periodic response

of the shell leads to the appearance of traveling-wave � utter. The
� exuralmodeshapesare representedbyEq. (9).Supposingharmonic
� utter, it is possible to write A1;n.t/ D QA1;n cos.!t C #1/, B1;n.t/ D
QB1;n cos.!t C #2/, A2;n.t/ D QA2;n cos.!t C #3/, and B2;n.t/ D
QB2;n cos.!t C #4/. Thus Eq. (9) can be rearranged as

w D f [

QA1;n cos.!t C #1/ C QB1;n sin.!t C #2/] cos.nµ/

C QB1;n sin.nµ ¡ !t ¡ #2/g sin.¼ x=L/

C f [
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C QB2;n sin.nµ ¡ !t ¡ #4/g sin.2¼x=L/ C O."2/ (10)

where #1; #2; #3 , and #4 are the phase constantsin the solution,! is
the radian � utter frequency, and " is a small quantity.We denote by
O."2/ small terms of higher order in the response of the shell. [ In
Eq. (10), axisymmetricmodes appear in higher-orderterms as a con-
sequence that they are small in amplitude.] Equation (10) gives two
traveling waves of amplitude QB1;n and QB2;n , radian frequencyof ro-
tation around the shell !T D !=n, and two standing waves of radian
frequency!. The resultingstandingwave with m D 1 is given by the
sum of two standingwaves, one of amplitude QA1;n and the second of
amplitude QB1;n , having the same radian frequency ! and the same
shape, but having a phase difference of #2 ¡ #1 C ¼=2 (similarly
for m D 2). When #2 ¡ #1

»D ¼=2 and QA1;n D QB1;n , the amplitude
of the resulting standing wave is zero and only a traveling-wave
� utter appears for mode m D 1; when in addition #4 ¡ #3

»D ¼=2
and QA2;n D QB2;n , again only a traveling-wave � utter appears for all
modes.

In general, the existenceof driven,variable Am ;n.t/, and compan-
ion, variable Bm;n.t/, modes leads to the appearance of a circum-
ferentially traveling wave and a standing wave; this phenomenon is
related to the axial symmetryof the system.The traveling-wave� ut-
ter representsa fundamentaldifferencevis-à-vis the linear approach
to shell � utter.

IV. Piston Theory
The � uid–structure interaction is described by the linear pis-

ton theory. Higher-order piston theory10 can be also applied to the
present model but is left to future studies. As discussed in the In-
troduction, for the con� gurations investigated in the present study
related to experiments performed by Olson and Fung,6;7 the perti-
nent streamwise wavelengthsof interest are very large with respect
to the boundary layer thickness, so that the in� uence of the bound-
ary layer is probably negligible.7 The radial aerodynamic pressure
p applied to the surface of the shell as a consequenceof the external
supersonic � ow is approximated by a � rst-order piston theory8:
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where ° is the adiabatic exponent, p1 is the freestream static pres-
sure, M is the Mach number, and a1 is the freestream speed of
sound. In Eq. (11) the last term is the curvature correction term and
is neglected in some studies of shell stability based on the piston
theory.

A slightly different version of Eq. (11), based on a less accurate
linearized potential � ow expression and neglecting the curvature
correction term, has been largely used in the past7;12;13:
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Both Eqs. (11) and (12) are used and compared in the present study.

V. Airy Stress Function and Solution
The expansion used for the transverse displacement w satis� es

identically the boundary conditions given by Eqs. (7); moreover, it
satis� es exactly the continuity of circumferentialdisplacement,

Z 2¼

0

@v

@µ
dµ D 0 (13)

as shown by Amabili et al.2 The boundary conditions for either of
the in-planedisplacements,Eqs. (8), give very complex expressions
when transformed into equations involving w. Therefore they are
modi� ed into simpler integral expressions that satisfy Eqs. (8) on
the average.21 Speci� cally, the following conditions are imposed.

Case 1:
Z 2¼

0

Nx R dµ D 0; at x D 0; L (14a)
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Case 2:
Z 2¼

0
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For both cases:
Z 2¼

0

Z L

0

Nx µ dx R dµ D 0 (15)

Equation (14a) ensures a zero axial force Nx on the average at
x D 0; L , whereas Eq. (14b) states that the axial displacement u
is zero on the average at x D 0; L. Equation (15) is satis� ed when
v D 0 on the average at x D 0; L and u is continuous in µ on the
average. Substitution of Eqs. (8) by Eqs. (14) and (15) simpli� es
computations, although it introduces an approximation (it can be
proved that theboundaryconditionsare exactlysatis� ed at n discrete
points, where n is the number of circumferentialwaves).

When the expansionof w, Eq. (9), is substitutedin the right-hand
side of Eq. (2), a partial differential equation for the stress function
F is obtained, the solution of which may be written as

F D Fh C Fp (16)

where Fh is the homogeneousand Fp is the particular solution.The
particular solution is given by

Fp D
MX
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where the functionsof time F jmn ; j D 1; : : : ; 4, aregivenin Amabili
et al.2 The homogeneous solution may be assumed to have the
form2;17
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where NNx ; NNµ ; and NNx µ are the average in-plane force (per unit
length) resultants, as a consequence of the in-plane constraints on
the average, de� ned as

NN# D 1
2¼ L

Z 2¼

0

Z L

0

N# dx dµ (18)

where the symbol # must be replacedby x; µ , and xµ . Equation (17b)
is chosen in order to satisfy the boundaryconditionsimposed.More-
over, it satis� es Eqs. (3) on the average as a consequence of 1) the
contributionof Fp to NNµ being
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and 2) contributions of Fp to NNx and NNxµ being zero. Boundary
conditions (14) and (15) allow us to express the in-plane restraint
stresses NNx ; NNµ , and NNxµ , see Eqs. (4–6), in terms of w and its
derivatives.

By use of the Galerkin method, seven second-order ordinary,
coupled nonlinear differential equations are obtained for the vari-
ables A1;n.t/; B1;n.t/; A2;n.t/; B2;n.t/; A1;0.t/; A3;0.t/, and A5;0.t/,
by successivelyweighing the singleoriginal equationwith the func-
tions that describe the shape of the seven modes retained in Eq. (9).
These equations contain quadratic and cubic nonlinear terms. The
Galerkinprojectionof theequationofmotion(1)hasbeenperformed
by using Mathematica computer software.24

VI. Effect of Internal Pressure
The effect of the pressuredifferentialacross the shell skin pm can

be evaluated by the solution of the equations of motion obtained
by Galerkin projection. However, it is also possible to introduce a
modi� ed expressionof the equationof motion (1) to take this effect

into account immediately. This expression is an approximation of
Eq. (1) basedon the equilibriumfor incrementaldeformations25 and
has been used by Olson and Fung7 and by Evensen and Olson12;13:
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where NNx and NNµ are the membrane stress resultants. In particular,

NNx D Px =.2¼ R/; NNµ D Rpm (20)

and Px is the total axial traction load applied to the shell and is
always zero in the present study; Px different from zero could be
a result of external loads and internal pressure acting on the shell
caps.The numerical results for pressurizedshells has been obtained
by using this approach.

VII. Numerical Results
Numerical results were obtained for a case already theoreti-

cally and experimentally studied by Olson and Fung6;7 and by
Evensen and Olson.12;13 The case had the following characteristics:
R D 0:2032 m, L D 0:39116 m, R=h D 2000, E D 110:32 £ 109 Pa,
½ D 8905:37 kg/m3 , º D 0:35, ° D 1:4, a1 D 213:36 m/s, M D 3,
and pm D 3447:5 N/m2; the freestream stagnation temperature was
48:9±C. The test shell is extremely thin, fabricated with copper by
electroplating, and tested in the 8 £ 7 ft supersonic wind tunnel at
the NASA Ames Research Center. The pertinent streamwise wave-
lengths of interest were measured to be very large with respect to
the boundary layer thickness (see Fig. 5 in Ref. 6), so the in� uence
of the boundarylayer is probablynegligible.These data will be used
in all the following calculations, if not otherwise speci� ed.

A. Linear Results
Results in this section have been obtained by using the linear part

of Eqs. (2) and (19). Eigenvaluesassociatedwith the � rst and second
longitudinalmodes with 23 circumferentialwaves and damping co-
ef� cient ³ D 0:0005are given in Fig. 1 vs the valueof the freestream
static pressure p1 by evaluating the aerodynamic pressure with

a)

b)

Fig. 1 a) Real part and b) imaginarypart of the eigenvalues of the sys-
tem vs the freestream static pressure p1 ; aerodynamic pressure evalu-
ated with Eq. (11).
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a)

b)

Fig. 2 a) Real part and b) imaginarypart of the eigenvalues of the sys-
tem vs the freestream static pressure p1 ; aerodynamic pressure evalu-
ated with Eq. (12).

Eq. (11). The real part of the eigenvalues gives the oscillation fre-
quency, and the imaginary part is the exponent of the exponential
function,giving damping for positivevalues and instabilityfor neg-
ative values. Flutter starts where the imaginarypart crosses the zero
value, in this case for p1 D 4077 Pa; this value gives the critical
freestream static pressure. In Fig. 1a the lower and higher of the
two branches give the oscillation frequencies of the � rst and sec-
ond modes (with n D 23), respectively.When they coalesce,a single
mode is obtainedand its oscillationfrequencyslowly decreaseswith
p1 as a consequencethat the stiffnessof the system is reducedwith
an increase of p1 by the curvature correction term in Eq. (11). This
mode originates � utter when the imaginary part of the eigenvalue
becomes negative.

The same problem, studied by using the less accurate Eq. (12)
instead of Eq. (11), gives the result shown in Fig. 2. The critical
freestream static pressure is p1 D 5373 Pa; this value is reduced
to p1 D 4435 Pa when no structural damping is considered and
coincides with the value obtained by Evensen and Olson.12;13 In
Fig. 2a the � utter frequency is constant with an increase of p1.
An important difference of »30% is obtained in the present case
between Eqs. (11) and (12).

The critical freestream static pressure is reported in Fig. 3 for
different numbers of circumferentialwaves and for three values of
pressure differentialacross the shell skin, that is, pm D 0; 1700, and
3447:5 Pa. Data have been computed by using Eq. (11). The curve
obtained for pm D 3447:5 Pa shows that the value of n associated
with the lowest critical freestream static pressure is n D 23, that
is, the value used in Figs. 1 and 2. This value of n is augmented
when pm is decreased;moreover, internal pressure has a stabilizing
effect on the system.All these resultsare in agreementwith previous
studies.6¡9

B. Nonlinear Results
Solutions of the nonlinear equations of motion have been ob-

tained numerically by using Auto software26 for continuationof the
solution and bifurcation of ordinary differential equations, based
on a collocation method, and direct integration of the equations
of motion. The Auto software is not able to detect surfaces com-
ing out from a bifurcation point, but it can detect branches. As a
consequence that, for the axisymmetry, the system does not pos-

Fig. 3 Critical freestream static pressure obtained from the linearized
equations vs the number n of circumferential waves: ¤¤, pm = 0; N,
pm = 1700 Pa; and ¨, pm = 3447:5 Pa.

sess a preferential angular coordinate µ to locate the deformation,
in the present case surfaces come out from bifurcation points. In
order to use Auto, a bifurcation analysis was performed by intro-
ducing a small perturbation to the linear part of the system. This
approach is analogous to having a very small difference in the stiff-
ness of the system for µ D 0; ¼=.2n/, for example as a result of a
small asymmetry in the shell. This imperfection allows normal bi-
furcation analysis, as line branches now emerge from bifurcation
points instead of surfaces. A perturbationof 0.2% to the linear fre-
quencies of companion modes has been used in the present case,
so that differences with respect to the actual systems are almost
negligible. Direct integration of the equations of motion by using
an adaptive step-size fourth- to � fth-order Runge–Kutta method
has also been performed to check the results and obtain the time
behavior.

The bifurcation curves for all seven generalized coordinates vs
the freestream static pressure are shown in Fig. 4 for the aerody-
namic pressure given by Eq. (11), n D 23 and damping coef� cient
³ D 0:0005. These curves correspond to � utter amplitudes of the
system (excludingbranch 1 that is relative to equilibriumposition).
Results show that the system loses stability for p1 D 4077 Pa, that
is, at the critical freestream static pressure obtained in Sec. VII.A
by linear analysis. The solution can be imagined to evolve in three-
dimensionalplots of the pair of variablesfA1;n; B1;ng or fA2;n ; B2;ng,
relative to the � rst (or second) longitudinalmode, vs the freestream
static pressure.Thus,a sectionof these three-dimensionalplotsgives
the two-dimensional plots shown in Fig. 2. In Fig. 4, branch 1 cor-
responds to the trivial undeformed con� guration that loses stability
for p1 D 4077 Pa; at this value branch2 arises through supercritical
bifurcation. Branch 2 corresponds to standing-wave � utter, involv-
ing the � rst and second longitudinal mode with the same angular
orientation. Actually, branch 3 also corresponds to this standing-
wave � utter, with the same con� guration of branch 2 but with
an angular rotation of ¼=.2n/; in fact branches 2 and 3 are two-
dimensional sections of the three-dimensional plots of the pair of
variablesfA1;n; B1;ng or fA2;n ; B2;ng vs p1 ; these three-dimensional
plots are surfaces of rotation around the p1 axis for the axisymme-
try of the system. Here a small difference in the two-dimensional
sections is observed as a consequence of the small perturbations
introduced.

The standing-wave � utter loses stability very soon through bi-
furcation originating from branch 4. This branch 4 represents a
traveling-wave� utter, as can be shown by observingthe time traces
of the system obtained by direct integrationof the equations of mo-
tion for p1 D 4500 Pa, reported in Fig. 5. It can be observed that
#2 ¡ #1 D ¼=2; QA1;n D QB1;n ; #4 ¡ #3

»D ¼=2, and QA2;n D QB2;n , giv-
ing pure traveling-wave � utter, as discussed in Sec. III. It is to be
noted that, excluding a very small range of p1 after the onset of
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a)

b)

c)

d)

e)

f)

g)

Fig. 4 Amplitude of oscillatory solutions vs the freestream static pressure: maximum amplitude of the � rst longitudinal mode a) A1;n(t)/h and
b) B1;n(t)/h; maximum amplitude of the second longitudinal mode c) A2;n(t)/h and d) B2;n(t)/h; and maximum amplitude of the e) � rst, A1;0(t)/h, f)
third, A3;0(t)/h, and g) � fth, A5;0(t)/h, axisymmetric modes. Solid and dotted curves denote stable and unstable branches, respectively.

instability, all the stable � utter is a traveling wave around the cir-
cumference, as observed in the experiments by Olson and Fung6

and predictedby Evensen and Olson.12;13 The � utter amplitudesob-
tained in Fig. 4 are in excellentagreementwith experimental results
described by Olson and Fung in Ref. 6 for the same case. In partic-
ular, a maximum � utter amplitude of »0:5h rms is reported for the
studied case in Fig. 8 of Ref. 6, corresponding to »0:7h supposing
sinusoidal oscillations.

Figure 6 shows the results obtained by direct integration of the
equations of motion without perturbation of linear frequencies,
slowly increasing the freestream static pressure. The system be-
havior is recorded after 2000 periods; to eliminate the transitory
effect, the pressure is increased (or decreased) by 6 Pa for each step
and a perturbation is given to the system at any step. Figure 6 de-
scribes the same � utter behaviorobtainedin Fig. 4 by using the Auto
software, mainly con� rming the previous results. Two small differ-
ences are found in the pressure range around the onset of � utter,
p1 D 4077 Pa, and may be attributed to the frequency perturbation

introduced in the system studied in Fig. 4. In particular, Figs. 6a
and 6b are obtainedby increasingthe freestreamstatic pressureand
Figs. 6c and 6d by decreasing this pressure. All of the results show
traveling-wave solutions; therefore, standing-wave � utter is stable
only when the shell is not perfectly axisymmetric. Moreover, in
Figs. 6a and 6b, a branch of small amplitudes is clearly shown that
soon loses stability; the basin of attraction of this solution is quite
small and in Figs. 6c and 6d, obtained decreasing the freestream
static pressure, the main branch (branch 4 in Fig. 4) is followed.

The oscillation amplitude is reported in Fig. 7 vs the nondimen-
sional � utter frequency for all the branches detected in Fig. 4. It is
interesting to observe that a slightly softening behavior is obtained
for the traveling-wave � utter, branch 4; however, this is due to the
curvature-correctionterm in Eq. (11). The mode shape of � utter is
given in Fig. 8 for p1 D 4500 Pa and shows a twist of the shell and
a larger movement on the downstream part of the shell.

To compare the present results with those obtained by Evensen
and Olson,12;13 the simpli� ed Eq. (12) has been also used to evaluate
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a)

b)

c)

d)

Fig. 5 Time traces of the system for p1 = 4500 Pa: amplitude of the � rst longitudinal mode a) A1;n(t)/h and b) B1;n(t)/h; amplitude of the second
longitudinalmode c) A2;n(t)/h and d) B2;n(t)/h.

a)

b)

c)

d)

Fig. 6 Amplitude of oscillatory solutions vs the freestream static pressure (results are by direct integration of the equations of motion): a) A1;n(t)/h
and b) A2;n(t)/h increasing the pressure; c) A1;n(t)/h and d) A2;n(t)/h decreasing the pressure.
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Fig. 7 Nondimensional � utter amplitude (maximum amplitude of the
� rst longitudinal mode/h) vs nondimensional � utter frequency (� utter
frequency/initial � utter frequency). Curve denotation is given in Fig. 4.

Fig. 8 Mode shape of � utter for p 1 = 4500 Pa in a scale with radial
displacement augmented 1000 times. Only a part of 3/23 of the shell
circumference is shown.

the aerodynamicpressure, with n D 23 and zero structural damping
(³ D 0). Results are shown in Fig. 9. The onset of instability,already
reported in Sec. VII.A, is absolutely coincident with the value in
Refs. 12 and 13. However, the behavior of bifurcated branches is
different. In particular, the � utter amplitude is of the order of the
shell thickness,matchingwith theexperimentalresults,insteadof 10
times this value as found by Evensen and Olson.12;13 Moreover, no
� utter is predicted before the onset of instability predicted by linear
theory; also this point agrees with experiments for supersonic � ow.
(In the case of subsonic � ow, subcriticalbifurcationsoccur3 and are
con� rmed by experimental results.1 ) Qualitatively, the behavior of
the system is the same as discussed for Fig. 4.

The last case investigated is the same as the one presented in
Fig. 4, that is, n D 23; ³ D 0:0005, and use of Eq. (11) to evaluatethe
aerodynamicpressure,but with zero differentialpressure across the
shell skin (pm D 0). The bifurcationdiagram is shown in Fig. 10 and
is qualitativelysimilar to thosepresentedin Figs. 4 and 9, con� rming
the results found for � utter.

Figure 11 shows the softening-type nonlinearity of the shell
studied. In fact it gives the frequency-response relationship for
the shell of Evensen and Olson12;13 with pm D 0; p1 D 0, and
³ D 0:0005. The shell has a modal excitation f D 0:001½h2!2

1;n
sin.¼ x=L/ cos.23µ / cos.!t/, where !1;n is the linear frequency of

a)

b)

Fig. 9 Amplitude of oscillatory solutions vs the freestream static pres-
sure, for the case of Evensen and Olson: maximum amplitudes of the
a) � rst, A1;n(t)/h, and b) second, A2;n(t)/h, longitudinal modes. Curve
denotation is given in Fig. 4.

a)

b)

Fig. 10 Amplitudeof oscillatory solutionsvs the freestream static pres-
sure, for pm = 0: maximum amplitudes of the a) � rst, A1;n(t)/h, and b)
second, A2;n(t)/h, longitudinalmodes. Curve denotationis given inFig. 4.

the mode excited (driven mode) and ! is the excitation frequency.
The softening-type nonlinearity is weak. The response has been
obtained by using the Auto software26 and indicates a reduction of
»0:8% of the linear frequency for a vibration amplitude equal to
the shell thickness. This result shows that, in the cases studied, the
shell loses stability through a supercriticalHopf bifurcation even if
the system presents softening-type nonlinearity. In fact, when the
freestream static pressure p1 is increased from zero to 2890 Pa,
that is, just before the onset of � utter, the response of the system
to the same excitation is changed into the one given in Fig. 12. A
softening-type response is still present for the driven mode, as in-
dicated in Fig. 12a. However, a new hardening-typebranch associ-
ated with the coupled-moderesponse, involving the � rst and second
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Fig. 11 Forced vibrations of the shell under modal excitation for
p 1 = 0, for the case of Evensen and Olson for pm = 0: Nondimensional
amplitudeof the driven mode vs nondimensionalfrequency of excitation
(frequency of excitation/linear frequency of the driven mode).

a)

b)

Fig. 12 Forced vibrations of the shell under modal excitation for
p 1 = 2890 Pa, for the case of Evensen and Olson for pm = 0: Maxi-
mum amplitudes of the a) � rst, A1;n(t)/h (driven mode), and b) second,
A2;n(t)/h, longitudinalmodes. Curve denotation is given in Fig. 4.

longitudinalmodes, appears in Figs. 12a and 12b. This new branch
is unstable because the onset of � utter is not yet reached, but it is
very close. Figure 12 can be easily related to the hardening � utter
response indicated in Fig. 7.

VIII. Conclusions
Numerical results for the shell with small asymmetry show that

the instability arises through a standing-wave � utter that loses sta-
bility with a very small increment of the freestream static pres-
sure. Then, a traveling-wave � utter appears and remains stable
also for a large increment of the freestream static pressure. In
case of perfect axial symmetry, all the stable solutions are of the
traveling-wave type. In all the studied cases, mild � utter instabil-
ity has been detected. This is in contrast with violent divergence
detected for subsonic � ow. No � utter is predicted before the onset
of instability predicted by linear theory, and the � utter amplitude
is of the order of the shell thickness, which is in very good agree-

ment with the existing experimental data. Traveling-wave � utter
presents an almost constant frequency, showing a very small “soft-
ening behavior” (caused by the linear reduction of frequency with
p1 ) when the curvature-correctionterm is introduced in the piston
theory.

The present study is the � rst one accuratelypredicting� utter am-
plitudes of circular cylindrical shells. The present approach could
be improved by using more modes in the expansion of the � exural
displacement and higher-order piston theory. In particular, the ad-
dition of modes with three and four longitudinal half-waves would
give a more accurate evaluation of the onset of instability. In con-
trast, they largely increase the computationaleffort in the nonlinear
study.
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